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1 Introduction 

Recently, Bagger, Lambert [1-3], and Gusstavson [4,5] proposed a new field 
theory model as a promising candidate for the theory describing multiple M2- 
branes. This model (BLG model) is based on Lie 3-algebras, and can also be 
regarded as a special class of Chern-Simons gauge theories [6, 7] with A/" = 8 
sup er sy mmet ry. 

Until quite recent, the largest known supersymmetry of interacting Chern- 
Simons theories had been A/" = 3. This is because supersymmetric completion 
of Chern-Simons terms include bi-linear terms of superpartners of gauge fields 
which break R-symmetry down to 5*0(3) (or Spin{3) when hyper multiplets are 
present). See [8] for detailed analysis oi N" = 2,3 superconformal Chern-Simons 
theories. 

If the Yang-Mills kinetic term is absent, the situation changes. In such a 
case superpartners of gauge fields become non-dynamical auxiliary fields, and 
there is a possibility that the R-symmetry enhances when these auxiliary fields 
are integrated out. The A/" = 8 supersymmetry of the BLG model is a special 
case of such symmetry enhancement. The BLG model is very restricted, and if 
we require the algebra is finite dimensional and has positive definite metric, the 
only possible gauge group is 5*0(4) [9, 10]. (The positivity of the metric is not 
indispensable for the consistency of the theory. See [11-15].) 

In the case of A/" < 8, we have larger variety of theories. Gaiotto and Witten 
[16] showed that the supersymmetry can be enhanced to A/" = 4 in a class of 
Chern-Simons theories with product gauge groups U{N) x U{N') and Sp{N) x 
SO{N'). This is generalized in [17] to quiver type gauge theories by introducing 
twisted hypermultiplets. They construct A/" = 4 Chern-Simons theories described 
by linear and circular quiver diagrams. A U{N) x U{N) Chern-Simons theory 
with A/" = 6 supersymmetry is also proposed in [18]. For recent progress in A/" > 4 
Chern-Simons theories, see also [19-47]. 

In this paper we investugate a class of A/" = 4 Chern-Simons theories. The 
model is described by a circular quiver diagram with circumference n. Namely, 
gauge group is Yri=iU{Nj), and there are n hypermultiplets belonging to bi- 
fundamental representations. The action of this model is 

S = Scs + 'S'hyper, (1) 

where Sqs and S'hyper are given in terms of A/" = 2 superfields by 

Scs = E f^i^'^ f d^^d'^^ (--DViDVi + ■•■) + (-- I d^x(fe^] + c.c. 
and 

n „ ^ __ 



(2) 



1=1' 



+ J2([ d^xd^9V2itTiQi^jQi - QiQi^i^r) + cc.) . (3) 

A brief summary of A/" = 2 superfield formalism is given in Appendix [Al The 
n vector and n hyper multiplets are labeled by the same index /. / = n + 1 
is identified with J = 1. V/ and $/ are an A/" = 2 vector and an adjoint chiral 
superfield, respectively, and they form an A/" = 4 vector multiplet. Qi and Qi 
are bi-fundamental chiral superfields belonging to (N/, Nj+i) and (N/, N/+i) of 
U{Ni) X U{Ni^i), and these form an A/" = 4 hypermultiplet. 

If the Chern-Simons coupling kj of U{Nj) is kj = {—)^k, this theory coincides 
with a model proposed in [17]. We extend the model by considering more general 
Chern-Simons couplings 

k 
ki = -{si-si-i), si = ±l, k>0. (4) 

The model in [17] corresponds to the choice sj = (—1)^. We allow sj to be ±1 
in arbitrary order. This implies that we allow some of Chern-Simons couplings 
to vanish, li kj = 0, all the component fields of Vj and $/ become auxiliary 
fields. We call such multiplets "auxiliary vector multiplets." For distinction we 
call vector multiplets with kj ^ "dynamical vector multiplets" although they 
have no propagating degrees of freedom. 

Chern-Simons theories with such auxiliary vector multiplets are discussed 
by Gaiotto and Witten in [16]. They introduce such multiplets to define non- 
trivial hyper-Kahler manifolds as hyper-Kahler quotients. By integrating out the 
auxiliary vector multiplets in our model we obtain a Chern-Simons gauge theory 
coupling to sigma models with hj^er-Kahler target spaces. This model is similar 
to the model in [17], but hyper and twisted hyper multiplets in the model are 
replaced by non-trivial sigma models. 

The purpose of this paper is to show that our model possesses Spin^i) R- 
symmetry and A/" = 4 supersymmetry. It would be possible to prove it by ex- 
tending the arguments in [17] by generalizing minimally coupled matter fields to 
general hyper-Kahler sigma models. In this paper, however, we adopt different 
way of proof. We integrate out only the auxiliary fields in the hyper and dy- 
namical vector multiplets, and leave the component fields in the auxiliary vector 
multiplets in the action. A good point of this treatment is that we do not have 
to solve the non-linear constraints imposed on the moment maps for auxiliary 
gauge fields. We will show in the following sections that, after integrating out 
the auxiliary fields in hyper and dynamical vector multiplets, the action ([1]) can 
be rewritten in manifestly Spin{A) invariant form. Because A/" = 2 supersymme- 
try of our model is manifest by construction, the Spin{4) invariance of the action 
implies that the existence of A/" = 4 supersymmetry. 

The expression of Chern-Simons couplings kj in (jl]) is closely related to a 
brane construction of the model. Our model is the low energy limit of the theory 



realized on a brane system in type IIB string theory. It consists of a stack of N 
D3-branes wrapped on S^ and n fivebranes intersecting with the D3-branes. We 
label the fivebranes by / = 1, . . . , n in order of intersections with the D3-branes 
along S^. If the charge of J-th fivebrane is {mi, 1), the Chern-Simons coupling of 
the gauge field living on the interval of the D3-branes between two intersections 
/ and J — 1 is given by [48,49] 

ki = --{mi-mi_i). (5) 

If there are only two types of fivebranes, the Chern-Sinions couplings are given 
by®. 

The action of gauge theory realized on this brane system is Sym + ^cs + Shyper 
where Sqs and 5'hyper are given in ([2]) and (I3l), respectively, and Sym includes the 
Yang-Mills kinetic terms. It is given by 



r_i Qt L^ J J 



1=1 9i 



(6) 



where gi is Yang-Mills gauge couplings depending on the position of intersecting 
points of branes. The brane system preserves A/" = 3 supersymmetry, which 
coincides with the supersymmetry of the Yang-Mills-Chern-Simons action Sym + 

'S'cS + 'S'hyper- 

In the low energy limit, the kinetic terms in ^ym become irrelevant because 
the coupling constants gj have mass dimension 1/2. The supersymmetry en- 
hancement in this limit is strongly suggested by an analysis of moduli space. The 
Higgs branch of this model is studied in [24], and it is shown that the moduli 
space for Nj = 1 is an orbifold in the form 

cVr, (7) 

where F is a certain discrete subgroup consisting of elements of the form 

{zu Z2, zs, Z4) -> (e'"^i, e-"'z2, e'^z^, e-'^z,). (8) 

If we assume the flat metric, this orbifold preserves Af = 4 supersymmetry. 

This paper is organized as follows. In the next section we rewrite the actions 
given above in terms of component fields. It makes Spin{4) R-symmetry and 
A/" = 4 supersymmetry of Yang-Mills- matter system Sym + "S'hyper manifest. We 
emphasize that these symmetries are different from those of the Chern-Simons- 
matter system S'cS + S'hyper- In order to distinguish the symmetries of these 
two systems, we denote the Spin{4) R-symmetry and A/" = 4 supersymmetry of 
the Yang-Mills-matter system by -Rym and Af = 4ym, while we refer to those 
of Chern-Simons theory as i?cs and J\f = 4cs- In §21 A/" = 4cs supersymmetry 
transformation is written down in manifestly i?cs covariant form. In §l]we prove 
the Res invariance of the action S'cS + S'hyper- ^Sis the concluding section. 



2 Action in terms of component fields 

In this section we rewrite the actions given in the introduction in terms of com- 
ponent fields. This makes -Rym = Spin^A) R-symmetry of Syu and S'hyper and 
Spin{3) R-symmetry of Scs manifest. 

Let us first rewrite the Yang- Mills action S'ym in ©. Although this vanishes 
in the low-energy limit gj ^ oo and irrelevant to our model, it may be instructive 
to know the explicit form of this action. It is given by 



(9) 



1=1 9i 
.-A 



~>^iAB[<l>fc^ Af ] + WbFFa + ^[<pfB. 0?i,][0f A, <P?c] 



This includes U{Ni) gauge fields Fj^^, fermions A;^^, scalars 4>f^, and auxiliary 
fields Ffs- AH these fields belong to the adjoint representation of U{Ni), and 
satisfy the reality conditions 

We raise and lower pairs of SU{2) indices of bi-spinors by the relation 

A/AS = ^Ac(^Bb^i ' ei2 = e = £12 = ^ =1- (H) 

(j)i and Fi are traceless 

ct>j^ = FfA = 0. (12) 

This action possesses global -Rym = SU{2)l x SU{2)b, symmetry. SU(2)l and 
SU{2)r act on undotted indices A, i?, . . . = 1, 2 and dotted ones A, _B, . . . = 1, 2, 
respectively. 

The action of hypermultiplets S'hyper in ([3]) is rewritten as 

" /■ —A 

^hyper = E / ^^^^r [ - D^Qj^D^qf - i^) j l^D^^^j^ - F^BifJ^fA - /if_lA) 

1=1-' 

-^^lAshi - Ji-i) + ^'4'ib'^i <t>iA- ^-^1-1^1-13(^1 A 

-l^^fA(l>fc<l^?B - lftlA(l^h^% + niA<t^h(lU%iB] ■ (13) 

This includes scalar fields qj and fermions i/^j. The auxiliary fields in Qj and Qi 
were integrated out so that the -Rym symmetry becomes manifest. We defined 
bi-linears 

i^fn = qfqiB, ^fs = QiB^f, (14) 

^ifs = vfB - tr = vfB - ^vfc^i, Jifs = vfB - tr = V^b - if^c^s. (15) 
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and 
jf^ = v^g,^?f-v^6^^6^^^,^g,^, J/^ = v^V^fg,^-v^6^^6^%^^,^. (16) 

"— tr" used in flT^ represents the subtraction of the trace part of two SU{2) 
indices. f lT^ and (ITB]) are components of current multiplets coupled by the 
vector multiplets. Other components in the multiplets and the supersymme- 
try transformation of the components are given in Appendix [Bl Indices in (fT3!l 
are consistently contracted, and this action is manifestly Ryu invariant. The 
Rym representations of component fields are summarized in Table [H 

Table 1: -Rym = SU{2)l x SU{2)ji representations of component fields in the 
A/" = 4 supersymmetric Yang-Mills-matter system are shown. 



Vlt, 


h 


h 


Fi 


Qi 


^i 


(1,1) 


(1,3) 


(2,2) 


(3,1) 


(2,1) 


(1,2) 



The A/" = 4ym supersymmetry transformation is given by 

S4>fB = n^CB^?^) - ^4i^BC^f% (17) 

Svi, = -(UTmA^""), (18) 

6Ffs = 2z{^^^rD,Xf)-2t{^^^[<pf^,Xf])-tT, (20) 

for vector multiplets and 

5qf = V2ti^^%^), (21) 

S^j^ = V2^cB<PfA(l?-^^CB<l?<Pf+iA + V2YCBAD,qf, (22) 

for hyper multiplets. The parameter ^^^ belongs to (2, 2) representation of 
Rym = SUi2)L x 5f/(2)«. 

The introduction of Chern-Simons terms Sqs in ([2]) breaks the supersymmetry 
to A/" = 3. We can see this by rewriting the action in terms of component fields. 



5'cs = 22^' ' ^ -^^^ 
1=1 



(23) 



In this action, some dotted indices are contracted with undotted indices, and 
thus -Rym is broken to its diagonal subgroup SU{2)d- The parameter ^^^ is 



split into the singlet and the triplet of SU{2)d, and only the triplet part of the 
super symmetry is preserved by the Chern-Simons action Sqs- 

As we mentioned in the introduction, however, it may be possible that the 
symmetry enhances with the decoupling of ^ym and an appropriate choice of kj. 
Indeed, it is shown in [17] that if the Chern-Simons coupling is given by (jlj) with 

SI = i-iy, (24) 

the R-symmetry SU{2)j:, enhances to SU{2) x SU{2). We should note that 
this enhanced symmetry acts on component fields in a different way from the 
original SU{2)l x SU{2)ji symmetry. We denote the new symmetry by Rqs = 
S'f/(2)_|_i X SU{2)^i. In the model with fl2^ . the component fields in the hyper 
multiplets belongs to the representation shown in Table [2] [17]. A hypermultiplet 

Table 2: Rqs = SU{2)+i x S'f/(2)_i representations of component fields of 
hypermultiplets are shown. 






Qi ^i 



[2,1) (1,2) 
fl,2) (2,1) 



{qii i^i) with s/ = 1 is transformed in a different way from a multiplet with 
Si = —1. These two types of hypermultiplets with different s/ are called hyper 
and twisted hyper multiplet in [17]. In the following we prove Rqs invariance 
of our model based on the assumption that {qi, ipi) are transformed in the same 
way even when sj are not given by ( l24|) . 

In order to show the enhancement of R-symmetry, we integrate out Xi and 
Fj in dynamical vector multiplets. The equation of motion of Fj is 

kr 

— (l)fB = l^fs - JltiB, (25) 

and we can eliminate the 0/ component of the dynamical vector multiplet. At 
the same time, Fj itself disappears from the action. The equation of motion of 
A/ is 

kiXr = jr -lf?^. (26) 

We eliminate A/ in the dynamical vector multiplet by this equation. 
The resulting action includes the following fields 

{qi,ipi) in hyper multiplets 

(f/^) in dynamical vector multiplets (27) 

{vi^, (pi, Xj, Fi) in auxiliary vector multiplets 
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3 A/^ = 4 supersymmetry transformation 

3.1 Hyper multiplets 

Now let us write down the M = 4cs supersymmetry transformation. This is 
achieved by rewriting A/" = 3 transformation in Rqs covariant form. 

A/" = 3 transformation is obtained from that oi J\f = 4ym given in the previous 
section by neglecting the distinction between undotted and dotted indices, and 
make the transformation parameter i^^^ symmetric with respect to the exchange 
of two SU{2) indices. 

From this Af = 3 transformation, we can obtain Af = 4cs transformation 
by carefully introducing distinction between S'f/(2)+i and S'[/(2)_i indices so 
that qi and ipj belongs to the representations shown in Table [21 and indices are 
contracted among the same kind of indices. We use overlined and underlined 
indices for SU{2)^i and SU{2)_i, respectively. Two indices of the parameter ^ 
are associated with different SU{2) in -Res- We assume that the first and the 
second index are acted by 5'f/(2)+i and S'f/(2)_i, respectively. 

Let us rewrite the transformation of qj in (|2T1) in the i?cs covariant form. The 
Res representations of qi and ipj depend on s/, and the contraction of indices in 
the supersymmetry transformation also depends on sj. 

5qf = V2i{i'^^i;iB) (s/ = +l), 5qf=V2i{e^i;,-^) (./ = -!). (28) 

In the left and right transformations in fl28l) . SU{2) index of tp is contracted with 
the second and the first index of ^, respectively. 

In general, if we have supersymmetry transformation laws for s/ = +1, we 
can always rewrite them into transformation laws for s/ = — 1 by replacing over- 
lined and underlined indices by underlined and overlined ones, respectively, and 
exchanging two indices of the parameter ^. In the following we give only trans- 
formation laws for sj = +1. 

Let us consider the transformation law of ipiA- The transformation (!22l) in- 
cludes (pi and 0/+1, and we treat these fields in different ways depending on kj 
and kj+i. li kj = (A;/+i=0) we eliminate cpi (0/+i) by using ( l25l) while we leave 
it in the action ii kj ^ {kj+i ^ 0). For example, if fc/ = and kj+i 7^ we 
leave (pi in the action and ehminate 0/+i by fl25|) . From fl22|) we obtain Af = 3 
transformation as 

5^PIA = V2^cB(pfAq? + '^V2^cBq?JifA - '^V2^cBQ?f^f+iA + V2Y^^^D^qf. 

(29) 
We put overlines and underlines to the indices in the third and fourth terms. 
However, it is impossible to do it consistently in the second term. 

In order to resolve this problem we introduce the following shifted field. 

^fB = <PfB-jififB + ntlB). (30) 



By this field redefinition we rewrite the transformation (129!) for general kj and 
ki^i as 

+5V,^, (31) 

where (■ ■ ■)condition nieans that it is included only when the condition is satisfied. 
This transformation still includes non-covariant terms and we collected them into 
the last term, S'lp^-^, which is given by 

^V/A = - I —r-^^CBif^i - lii-i)^Aq? J - ( —r-^^CBqfif^i+i - J^i)^ a j 

\ I kj=0 \ / fc/+i=0 

(32) 
We will comment on this non-covariant part at the end of the next subsection. 
It will there be turn out that we can easily remove this unwanted part from the 
transformation law. 



3.2 Vector multiplets 

Let us write down the Af = 4cs transformation law for vector multiplets. If a 
vector multiplet is dynamical, it has only one component f/^ as shown in 02 7p . 
and by using 0261) the transformation law 0181) is rewritten as 

^vif, = -j^AByt^ {jf~ - jf-i ) • (33) 

This is i?cs invariant. 

In an auxiliary vector multiplet, we have four component fields. In order to 
write manifestly i?cs covariant M = 4cs transformation laws, we need to shift 
the fields A/ and Fj as well as in the following way. 

Ar = A/^-|(jr + Jf_4), (34) 

Fi^B = Ffn+'-fiKfn + Kt.s) 
k 

+ 11 [(/^/ + /i/-i)^c, ^%] - II [(/^/ + fii-ifB, ^fc], (35) 

where Kj and Kj in ( 135|) and Jj and Jj appearing in (l36ll below are components 
of current multiplets defined in Appendix [Bl The transformation laws of f/^, ifi, 



and X'j are manifestly covariant. 

Svi^ = -^3457/. [^T- + ^Uf~ + M)) ' (36) 

SifYB = 2i^^^Af- - i(5-B^^^Af-, (37) 

+ l[Wc, Wd}^'^^ + ^[(/^/ + J^i-ifc, {^i + h-ifnie-- (38) 
The transformation of F'/^b includes non-covariant terms. 



I 



■feD^f~-tr'(/^/ + /^/-l) 



CD .„ / ,. I ~ \A 



+ ^[^-bd{Ji+Ji~i) - - tr, {^iI + /^/-i)fc] 

+<5'F;V (39) 

We collected non-covariant terms into 5'F[. It is given by 

^'F?B = ^icB{q^^1+^UqU) + ^f\^lBq,C+ll-rc^l-iB), (40) 
where ^ ia is the left hand side of the equation of motion '^ ia = of the fermion 

i'lA- 

-^lA = YD^^iA - (pfA^IB + ^IB<l)f+lA + V2XiBAqf " V2qf Xj+ibA- (41) 

Among the supersymmetry transformation laws written down in the previ- 
ous and this subsections, Sipj and 6Fj include non-covariant parts S'lpi and S'F'j. 
These non-covariant terms may be simply removed from the transformation be- 
cause, as is easily checked, the action 5*08 + iShyper is in fact invariant under the 
non-covariant transformation 6'. Removing these terms, we obtain completely 
i?cs covariant A/" = 4cs supersymmetry transformation laws. 

4 SU{2) X SU{2) invariance of the action 

In this section, we prove the -Res invariance of the action 5*08 + 5'hypcr- Here we 
use A/" = 3 notation to simplify equations. Namely, we use plain indices without 
dots or lines for any SU{2). It is easy to check if each term is -Res invariant or 
not. 
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We first rearrange the action into the following three parts. The first part, 
S'kin, includes the kinetic terms. 



" /■ r /I i 

Skin = 51 / d^xti^kje'^'P {-vi^d^vip - -vi^^viyVip 



-Dpq,j,Dyf - i^pf^'^Dp^PjA 



(42) 



This part is manifestly Rqs invariant. We use hats for manifestly Rqs invariant 
terms. 

The second part, S'pot, includes potential terms 

5pot = Y.Jd'xtT[^<PfBFPA-FfB{fifA-fif-lA) 



+QiA<Pfcqf<P?+iB 



(43) 



This part is analyzed in §4.11 

The rest of the action is the following part including Yukawa terms. 



^Yukawa = ^ / ^'^tr [^A^^A.BA " ^A,^^(jf ^ - j/J^^; 
+ilpIBlpl (pfA - ii'l-ii'l-lB(l)fA 

This part is analyzed in §4.21 



(44) 



4.1 Potential terms 

We decompose the potential term by 



5, 



pot 



1=1 



potl "T '-'pot2 ) 



(45) 



where Spl^i and Spat2 ^^ ^-^e defined by 



S, 



ql{kl) 
^potl 



I{kj,kj+i) 



1 



^I aA jpB jpA (,R ~B ^ 



-lufA<Pfc<P?B - l^tlA<Pfc<PfB + ^<PfB<Pfc<P?A] , (46) 
Z Z D J 



pot2 



Jd^xtT{qjA(pfcqf(pf+iB) 



(47) 



Spot! includes only one (f)j while Sp^^2 ^^ includes (pj and ^j+i. 
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.I{ki) 



We first consider S'poti • When kj ^ 0, we eliminate 0/ by using ( l25l) . 
S'potj includes only scalar fields g/, g/_i, and their Hermitian conjugates. 



Then 



g7(fc/^0) 
^potl 



^potl 



(TXtx 



-j-^Qi /^/ cQiAf^i^iB + -r^Qi-iBl^i-icQi-il^i A 



oHklT^O) 

"T^potl 

2 



d xtr 






f^I^lBfJ'i-iAl^I C 



ABC 
~^I Af^i Cf^l B — 

A B C 
+ -^^^IB^ICIJ'IA 



~A ~_B ~C 
^I-lAfJ-i-iCfJ-i-iB 

^ ^j\ -^Q -^(J 

- olJ'l-iBfJ'i-iClJ'i-iA 



(4J 



(49) 



Because we now assume kj ^ 0, qi and g/_i are transformed by different SU(2) 
factors in i?cs- Thus, if SU{2) indices of qi and those of g/_i are contracted, 
the term breaks the Rqs symmetry. To prove the Rqs invariance of the action, 
we need to show that such terms cancel among them when we sum up all terms 
in the action. By this reason, we separate manifestly Res invariant terms and 
denote them by S'poJ . In each term in S'poti indices of qj and those of g/_i are 
separately contracted. Contrary, in the first line of (1481) some indices of qj are 
contracted with g/_i, and breaks the Rqs symmetry. 

When kj = 0, we rewrite the field (j)j and Fj by the Rqs covariant field (fj 
and Fj defined in ^ We obtain 



Ql(ki=0) 
^potl 



d XtT 



^Sj ^y^ ^j^ (J ZSj ABC 
—j-T^I^lBT^I-lCVl A -7-T^l Cl^I A^l B 



+ s, 



where we collected Rqs invariant terms into Spl,^{ 



l{ki=0) 



liki=0) ^i 

(50) 



potl 



cl(ki=0) 
^potl 



d^xii 
1 



1 2 

2 



-^^I-lAfl Cfl B - ■^^i-iAlJ'i-iCl^i-iB 



-FfB(/i/-/I/-l)^A 
1 



2A;2 



Uj + Z//_i) A(/i/ - I^I-l) cil^I - I^I-l) B 



(51) 



and C^ is defined by 



C^ = ji-^IAlpi + 1pi_i1pl-iA){fifB - /i^-is) 



(52) 



It is convenient to write (HHI) and (l50l) in the unified form 



sZi' = B^^'^^ + A^(^^) + Si^A' + {C%,=o 



i{ki 



(53) 
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where A^^^'^ and B^^^'^ are defined by 
4 



A'^''='^ = '^Jd'xtT{-2ufci^fA'P?B + q?<pUBqicif^i-Jli-i)''A), (55) 
B'^''^'^ = ^|d'xtriq,_,^^^Ucqf.,^^fA). (56) 



Next, let us consider 5", 



I{ki,kij^i) 
pot2 



This term contains (^j and (^7+1, and we need 



to consider four cases separately according to whether kj and /c/+i are zero or 
not. When fc/ 7^ 0, we use fl25|) to eliminate 0/, and when fc/ = we rewrite the 
field 0/ according to fl30|) . We treat 0/+i in the same way, too. The result is 



r<-f(fc/,fc/+i) _ Al(ki) R/+l{fci-+i) , QHki,ki+i) 

^not2 — ~^ ~ -O -r 0„ot2 



■'pot2 



pot2 



We collected manifestly Rqs invariant terms into Sp^^2 ^^ • It is given by 

-j-^qiAi^i cqi Jj'i B + ■p'qiAp'i-icqi ^-i+ib 
~~g2^iAi^i cqi iJ'i b — -^qiAi^i-icqi Vi+ib 



^I{kj=^0,kj+i^O) 
^pot2 


= / d^xti 


^I{ki^O,ki+i=0) 
'-'pot2 


= f d^xtr 


ri/(fcj=0,fe/+i7^0) 
*-'pot2 


= f d^xtT 


^/(fcj=0,fej+i=0) 
^pot2 


= f d^xti 



-.B „A,C 



-r: ,.B ^A~C 



2si_ 

-riiA'^Ycqffj'Y+iB + -g^qiAi^'icqff^^iB 
qiAvfaqf^^^+iB - -j^qiAfJ^fcqfjifB 



A;2 



qicif^i - ^/-i) Bqi (^/+i - /^) A 



(58) 

(59) 
,(60) 
(61) 

(62) 



If we sum up (1531) and (!58|) over all /, all A^^'^'^ and B^^'^'^ cancel and we 
obtain 

n 

c _ sr^fcHki) I Q-f(fc/,fc/+i)\ 

^pot — /^l^potl "T ^pot2 ) 



1=1 



kj=0 



(63) 



4.2 Yukawa terms 

Let us consider S'vukawa in dill)- We decompose it as 

n 



s- 



Yukawa 



/ y *-^ Yukawa 5 
7=1 



where 



.i{ki) 

Yukawa 



d xti 



^^I \AB\ 



i>^IABiJl 



^' -m) 



+iiJlBi^I 4>fA - ilpi_i'l(^I-lB4>fA 



(64) 



(65) 
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Again we should discuss two cases with /c/ 7^ and kj = separately. 

If kj 7^ 0, eliminating A/ by using the equation of motion (126!) . and rewriting 
(f)i by ( !25l) . we obtain 



5- 



Yukawa 



— (Fj-l + Xi) + ^Yuklwa 5 



where we defined 



Xi 
Yi 



(i^xtr 
/ d^xti 



-1 

-ipf^'llBA + 2i]%BllfA 



(66) 

(67) 
(68) 



and 



0\ 



"^ Yukawa 



ki 



d xtr 



(69) 



jl-lBAjf^ - ^Ipisi^ifif^iA - 2^j_i^7-lB/if A 

When kj 7^ 0, g/ and ?/'/ are rotated by the same SU{2) as ipi-i and g/_i, 
respectively, and we see that 
X and Y are not. We define 



respectively, and we see that terms in Sy^^^^ are manifestly -Res invariant while 



Zi 



I d^xii[ 



ATTp ^B-rP ABCD- 



(^ABecnqi -ipi Qi ^ 



Qia^icQib'^id 



-^A 



+'^iA^i qfqiB - '^t'^iAQiBQ?^ 



This is manifestly -Rsc invariant, and the following identity holds. 

Yj-Xi = Zi. 
By using this identity, we can rewrite the action (!66|) as 



^- 



I{ki^O) 
Yukawa 



si-iXi_i + siXi 



^■^/-l ry , ^I{kl^O) 



k 



-Zi_^ + S- 



Yukawa ' 



(70) 



(71) 



(72) 



where we used the relation sj = — s/_i, which holds when kj 7^ 0. 

Next, let us consider kj = case. Rewriting 0/ and A/ in the action according 
to (BOl) and (Bl we obtain 



^- 



l{ki=0) 
Yukawa 



-r(~^I-i + ^l) + '5'Yukiwa 



i 



-si_iXi_i + sjXi 



l{ki=0) . 



k 



y r;/(fc/=o) ^I 

Z//_i -t- O Yukawa ~ ^ ' 



(73) 



where C is defined in fl52|) . and ^'y^^^wa includes i?cs invariant terms 



S- 



l{ki=0) 
Yukawa 



d XtT 



ii'i_,^i-,B^U + ^i'iB^i^f a-i\'iab{Ji - Jf^i) ■ (74) 
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Summing up Syukawa ^^ (C2I) and (|73l) over all /, terms with Xj and Yj cancel, 
and we obtain 

5'Yukawa = Yl ( 77^^ + ^Yuki^wi, ) ~ 51 '^ • C''^) 

Adding (l63l) and (!75l) . we obtain the manifestly i?cs invariant action 

•JCS "T Ohypor — >Jkin "T 2^ I >Jpotl "t" '-'pot2 T^ *-" Yukawa ) ' I ' "J 

and the proof is completed. 

5 Conclusions 

In this paper we investigated the Spin{4) R-symmetry and A/" = 4 supersymme- 
try of the three-dimensional Chern-Simons-matter system described by the action 
'S'cs + 'S'hyper, where Sqs and S'hyper are given in ([2]) and ([3]), respectively. This 
model consists of dynamical and auxiliary vector multiplets and bi-fundamental 
hypermultiplets. The dynamical vector multiplets have Chern-Simons couplings 
±k while the auxiliary vector multiplets do not have Chern-Simons terms. (Al- 
though we call vector multiplets with non- vanishing Chern-Simons couplings "dy- 
namical" for distinction, they do not have propagating degrees of freedom.) After 
integrating out auxiliary fields in the hyper and dynamical vector multiplets, our 
model includes (g/, ipj) in the hypermultiplets, (vj^) in the dynamical vector mul- 
tiplets, and {vifj_, (fj, X'j, F'j) in the auxiliary vector multiplets. We wrote down 
the A/" = 4 supersymmetry transformation in terms of these component fields 
in manifestly Spin{4) covariant form in Eqs. fl28|) . fl3T|) . and fl36H39l) . We also 
proved the A/" = 4 invariance of the action in ^ by rewriting it in the manifestly 
Spin{A) invariant form fl7^ . 
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A Af = 4: multiplets and J\f = 2 superfields 

In this appendix we summarize our conventions for spinors and superfields. Be- 
cause all we need in this paper are actions and transformation laws in terms of 
component fields, which are given in the main text, we here do not present de- 
tail of the superfield formalism. The purpose of this appendix is to show rough 
relation between components and superfields. 
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We use ( h +) signature for the metric, and 7^^ are real 2x2 matrices 

satisfying 

^^'^ = ^tT{Yin, 6^^^ = ^tr(7''7V). (77) 

To make fermion bi-linears, we use the antisymmetric tensor e^/j defined by 

ei2 = -621 = 1. (78) 

For example, 

ivx) = i'^.px^ ivYx) = tt^p{rf,x'- (79) 

Let (a;^, ^°, 9 ) be the J\f = 2 superspace. 6 is the complex conjugate of the 
complex spinor ^". The complex conjugate of the product of two Grassmann 
variables a and (3 is defined by (a/?)* = P*a*. 

A vector superfield in the Wess-Zumino gauge is expanded as 

Viv^, a, A, D) = ieYO)v^ + ii09)a + 9\9\) + f^OX) + ]^e^fD. (80) 
The transformation laws of component fields are 

5a = i{(\)_+^m, (81) 

H = (CTmA) -J^TmA^, _ _ (82) 

5D = i{i^^D^\)+i{irD^\)+i{^[a,\])+i{^[a,\]), (83) 

5\ = '-Y'^F.^ + Y^D^a + DC (84) 

We expand a chiral superfield as 

$(0, ^, F) = + V2ie^ + iO'^F + 9 dependent terms. (85) 

The supersymmetry transformation in the Wess-Zumino gauge is 

50 = V2t{^^), _ _ (86) 

Sij = V2iF + V2la<p + V2-i^lD^<p, (87) 

8F = V2i{^YD^ij)-V2i{^aij)-2i(^)<p. (88) 

An A/" = 4 vector multiplet is made of an A/" = 2 vector multiplet V with com- 
ponents (f^, 0", A, D) and an adjoint chiral multiplet $ with components (0, x, F^). 
In order to make the Rym = Spin{4) symmetry manifest we form the following 
Rym multiplets. 

(89) 
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where D' is the shifted auxihary field 

D' = D-[<P,-^. (90) 

A hypermultiplet is made of two chiral multiplets Q{q,'ip,F) and Q{q,ip,F). 
These two chiral multiplets must belong to conjugate representations of gauge 
group to each other. We define the following -Rym doublets. 

q^ = {q\q^) = {q,q), ^^ = (^bV-s) = (^,?)- (9i) 

B Current multiplets 

The components of current multiplets are defined by the differentiation of the 
action S'hyper given in (TT3!) with respect to the components of vector multiplets. 

+6Ff_,,BnfA + ^5\J^,ABlf - 5vi+i,J!; - HUbK?a^ (92) 

where Sl^^^^ is the part of S'hyper including {qj,i/jj). 

fi, jl, j, and j have been already given in (fT5|) and (fT6|) . The other components 
are 

Ji = iqtD^qj^-iDi,qfqj^ + {iljj^-fi,-^j), (93) 

Jf = -tqjAD'-qt + tD^qj^qf-ii^fr^j^), (94) 

K^B = ^i^iB^f-l4^ic'^'i-^'^?c<pfB-2'^fB'^?c + q?<pf+iBqic^ (95) 

Kfs = +ii^UiB-\^i^i'^ic + ^^?c<pj+iB + l^<Pi+iB^'^c-qic<P^Bql^^) 

The M = 4ym supersymmetry transformation of ft, Jl, j, and j are 

Sf^fs = ^^Bcjf-lsi^DcjF'', (97) 

SnfB = ^^Bcjf-'l^^B^Dcjf''^ (98) 

5jf = -^l,i^''J^ + 2^,i^^D^^^jc-2i^'^Kf^ + 2i^^[^^fc,4>Ul (99) 

5Ji = UBl^'D.jf^ - V2UBYqt^f + ^^^''Y'^iBqiA 

-I^bA^jF". <Pfc] + mcBl'^f. f^?A], (101) 

SJf = UBl'''D~jf-V2U^r^%f + V2e^rqiA'^jB 

-[eci.7^IF^,0f+u] +2[G^7'^Af^i,/I^c], (102) 
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-^[^dcJF^ - tr, 0F^] - 2*[e^^Af ^, f,fc] - tr, (103) 

-^[^dcJF^ - tr, 0F+ib] - 2z[^aB^fi, fifo] - tr. (104) 

These components are transformed among them hnearly up to the equation of 
motion of ipiA given in fHTI) . 
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